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We propose here a novel way to analyze Shack–Hartmann wavefront sensor images in order to retrieve more modes
than the two centroid coordinates per sub-aperture. To do so, we use the linearized focal-plane technique (LIFT)
phase retrieval method for each sub-aperture. We demonstrate that we can increase the number of modes sensed
with the same computational burden per mode. For instance, we show the ability to control a 21 × 21 actuator
deformable mirror using a 10 × 10 lenslet array. © 2014 Optical Society of America
OCIS codes: (010.1080) Active or adaptive optics; (010.1330) Atmospheric turbulence; (110.6770) Telescopes;

(030.4070) Modes.
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The Shack–Hartmann (SH) wavefront sensor (WFS) [1] is
ubiquitous, from astronomy [2] to biomedical imaging [3],
to optical component characterization [4]. It has used
widely because it is simple, easy to use, robust to model
errors, adapted to a wide range of wavefront amplitudes,
and because it works in wide spectral band configura-
tions. It consists of sampling the pupil in sub-apertures by
means of a lenslet array and measuring the center of
gravity (CoG) of the images at the focus of each lenslet.
Measuring the local centroids has two major advantages:
the relationship between the centroid and the local wave-
front slopes is linear, which makes the exploitation sim-
ple and robust; the pixels can be processed in parallel,
spot by spot, which leads to a faster pixel-to-wavefront
computation (or a faster computation of the deformable
mirror control voltages from the pixel values in adaptive
optics systems). However, the sampling of the pupil
by the lenslet array leads to aliasing errors and lack of
sensitivity [5].
On the other hand, focal-plane sensors [6–9] recon-

struct the phase from one or several focal images
obtained with the full pupil. This leads to a higher sensi-
tivity compared with a SH WFS (full aperture gain), but
the relationship between pixel values and phase is more
complex. Whereas this relationship can be assumed as
linear in a small phase approximation [7], a more sophis-
ticated data formation model is needed when dealing
with high spatial frequency phase distortion, high-
amplitude wavefronts, or a wide spectral band. This
induces a higher computational burden (and slower
algorithms) and limited robustness to model errors.
In this Letter, we propose to process SH data by a focal-

plane sensor approach. A first approach for performing
phase retrieval on SH WFS data has been proposed by
Cannon [10], with a Bayesian estimation of the wavefront
from thewhole SHdetector frame. This approach exploits
in particular the interference effects between the focal
spots, at the cost of a high computational burden because
all the pixels have to be processed together. However,
these interference effects are usually hardly noticeable.
With our method, the image formation model is consid-

ered independent from one sub-aperture to the next.

When the phase variance at the level of a sub-aperture
is low enough, it is possible to use a fast and simple
focal-plane algorithm in a small phase approximation
for each focal spot. The processing of each focal spot
is performed separately as in the original SH scheme.
A few local phase modes are sensed, instead of only
the local mean slope on z and the local mean slope on
y. This allows us to measure more information on the
phase at the level of the sub-aperture than the local
slopes, and thus, to reduce aliasing effects. These LIFT
(linearized focal-plane technique) local phase mode esti-
mates are then used in the same way as the local slopes in
the classical SH scheme to reconstruct a wavefront or to
control a deformable mirror.

The focal-plane image analysis technique we use is the
LIFT method [9,11]. LIFT consists of adding a known
astigmatism to the wavefront and analyzing the image
produced assuming a linear relationship between the im-
age and the aberrations. In the present work, this means
using a custom lenslet array with astigmatism on each
lenslet. The astigmatism offset avoids the sign ambiguity
on even modes. The aberration estimation is performed
using a maximum likelihood inversion. We have shown
previously that this procedure is adapted to wide spectral
band operation [11]. Once the sensor is calibrated, the
computation burden is similar to a weighted CoG
(WCoG), i.e., to a weighted sum of the image, for each
local phase mode sensed.

As any wavefront-sensing technique, the LIFTed SH
has a limited working domain. In particular, the sub-
aperture size shall have to be small enough to be compat-
ible with the small phase approximation; then, for a given
lenslet array, the number of local modes measurable will
be limited by noise considerations. We consider here five
local modes to demonstrate the feasibility of the LIFTed
SH. The local modes chosen here are the first five Zernike
modes (tip, tilt, de-focus, both astigmatisms) orthonor-
malized on a squared sub-aperture. As shown previously
[9], theweighingmaps used in LIFT for local tip and tilt are
similar to a WCoG in the detector noise regime and a CoG
in the photon noise regime. Except for LIFT, there exist
such maps for not only tip and tilt but also higher modes.
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In a first step, we examine the noise propagation on
the local mode estimates. Figure 1 presents the noise
propagation on the LIFT local mode estimates. The
performance of the WCoG is given for comparison. We
can state that whatever the signal-to-noise ratio, it is
always beneficiary to use a LIFTed SH with two modes
estimated per sub-aperture, rather than a classical SH.
Indeed, as LIFT performs a maximum likelihood estima-
tion of the spot position, the noise propagation is better
with LIFT than with CoG or WCoG methods. The added
astigmatism offset, required for LIFT computation, is
small enough (0.5 rad RMS) to not affect the spot full
width at half-maximum. Indeed, our results show no per-
formance loss at high flux for LIFT compared with a CoG
centroid on a diffraction-limited spot. In the photon noise
regime, LIFT noise propagation is the same whatever the
mode (as it was observed with the classical phase diver-
sity [12]) and is lower than WCoG noise propagation.
When the detector noise is predominant, the noise propa-
gation is higher for focus and astigmatisms. Nevertheless,
the pixels used for LIFT estimate remain few and the
detector noise propagation remains low. Therefore, LIFT
focus and astigmatism estimates should not inject noise
dramatically in the phase reconstruction process.
Therefore, LIFT allows sensing more modes per

sub-aperture than the local wavefront slopes, provided
there exists a known astigmatism on each sub-aperture.
Retrieving more local information for each sub-aperture
leads to estimating more global modes with a given num-
ber of sub-apertures, or conversely, to measuring the
same number of modes with less sub-apertures. This
means a more accurate measurement of the wavefront
in aberrometry applications. In adaptive optics applica-
tions, it leads to more accurate control of the deformable
mirror state, and potentially, to better sensitivity. For in-
stance, in astronomy, loss of sensitivity in SH occurs if
the sub-aperture size becomes smaller than r0 (consider-
ing a noiseless detector). There is, therefore, for a SH

WFS a painful trade-off between number of modes and
sensitivity. LIFT can be used to regain sensitivity by using
fewer large sub-apertures for the same number of modes
corrected. Conversely, in cases where the sub-aperture
size is bigger than r0, a deformable mirror with a smaller
pitch could be used to sharpen the spots, thus leading
once again to a gain in sensitivity. To properly control
all the modes of such a small-pitch mirror, a LIFTed
SH method could be used.

This improvement can be quantified by analyzing the
interaction matrix M int between a set of aberration
modes and the WFS measurement set. Let Npup be the
total number of enlightened sub-apertures. For the
classical SH, the set of measurements Y includes for each
sub-aperture i the two CoG local slopes, denoted by
�sx;i; sy;i�. For the LIFTed SH, the set of measurements
YLIFT includes for each sub-aperture i the five LIFT local
mode estimates, denoted by �a1;i; a2;i; a3;i; a4;i; a5;i�:
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Let fm1;m2;…;mNab
g be the Nab aberration modes to

sense. For an aberrometry application, the modes mj will
be the vectors of a generic wavefront decomposition ba-
sis, such as the Zernike polynomials [14]; for an adaptive
optics context, the modes mj will correspond to the de-
formable mirror modes, i.e., the shapes obtained for each
actuator. Then the interaction matrices for the classical
SH and the LIFTed SH can be written as follows:

M int � �Y�m1�j…jY�mNab
��;

MLIFT
int � �YLIFT�m1�j…jYLIFT�mNab

��: (2)

The ability of a WFS to accurately sense a given set of
modes is conveyed by the eigenvalues of this interaction
matrix. In a high-flux operation, the number of modes ac-
tually sensed is the number of significant eigenvalues. In
Fig. 2, we show the eigenvalues of the interaction matrix
corresponding to the influence functions (i.e., the de-
formable mirror shape modes) of a 21 × 21 actuator de-
formable mirror. The dashed black line is obtained for a
10 × 10 sub-aperture SH (Npup ≃ 78) with classical cen-
troiding. The number of modes estimated is between
Npup and 2Npup, with Npup being the total number of
enlightened sub-apertures (the slope measurements are
not independent). The eigenvalues obtained with the
same hardware when estimating by LIFT only the local
tip and tilt �a1;i; a2;i� are shown by the solid black line.
The performance of classical SH and LIFTed SH with

Fig. 1. Noise propagation for a given sub-aperture on local
slope estimates with a CoG (red dotted line) and a WCoG (blue
dashed line). The noise propagation on local mode estimates
with LIFT are plotted in black. Detector readout noise: 10e−.
For LIFT configuration, a 0.5 rad RMS astigmatism offset is
added. The CoG and WCoG curves correspond to diffraction-
limited spots (without any astigmatism offset). The cross
symbols correspond to a diffractive simulation, whereas the
solid lines correspond to the analytic formulas (from [13] for
CoG/WCoG).
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two modes estimated per sub-aperture is very close. The
difference comes from the fact that the local slopes
�sx;i; sy;i� are not exactly the local tip and tilt on the
sub-aperture as estimated by LIFT. Indeed, for instance,
the local coma has a contribution to the local slopes, but
is orthogonal to the local tip and tilt.
When retrieving with LIFT five modes per sub-aperture

(red solid line) instead of two, the performance obtained
is very close to a classical SH with 20 × 20 sub-apertures
(red dashed line). With enough flux, it is even possible to
control a 21 × 21 actuator deformable mirror with a
LIFTed 10 × 10 SH WFS.
On the other hand, considering a 21 × 21 actuator

deformable mirror, this procedure allows measuring
high-order modes and cancels out the aliasing coming
from these modes. For instance, the waffle mode is an
unseen mode for a classical SH, as it produces a local
astigmatism on each sub-aperture, but no local tip–tilt.
With a LIFTed SH procedure, all mirror modes, including
the waffle, can be seen.
In conclusion, we have demonstrated that the so-called

LIFTed SH WFS allows sensing more modes with less
sub-apertures, with a comparable computational burden
per mode to sense. For instance, this allows reducing

aliasing by sensing higher order modes with the same
hardware or controlling with the same lenslet array a
deformable mirror with more actuators. Up to five modes
can be sensed per sub-aperture, and for small aberra-
tions, it compares favorably to classical SH in terms of
noise propagation. This approach provides a new degree
of freedom in designing a SH WFS, as with the procedure
we have described, the number of modes sensed is not
linked rigidly to the number of sub-apertures. Experi-
mental validation, using a custom-made lenslet array
with local astigmatism on each sub-aperture, is planned
for 2014. An on-sky demonstration is planned in 2015.
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Fig. 2. Eigenvalues of the interaction matrix on a deformable
Gaussian influence function on a 21 × 21 grid (with 25% cou-
pling between modes) for a 10 × 10 sub-aperture SH WFS with
classical centroiding [see Eqs. (1) and (2)], with a two mode per
sub-aperture and a five mode per sub-aperture LIFT estimation.
For comparison, we have plotted the eigenvalues obtained for a
20 × 20 sub-aperture SH WFS with classical centroiding.
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